Abstract-We propose a method of designing equiripple linear-phase FIR filters with linear constraint by carrying out the Remèz exchange algorithm. A novel technique is derived to convert a linearly constrained problem into an equivalent unconstrained one. We proposed a technique to modify the original desired frequency response so that the original linear constraint can be reduced to a simpler one (the null constraint) for the new target frequency response. The filter with null constraint can be designed without constraint by a transformation of the original basis functions. The transformation is represented by a basis for the null space of the constraint. In this brief, we show that the set of transformed basis also forms a Tchebycheff set. This fact indicates the proposed design is optimal in Tchebycheff sense. The optimal filter is deigned by Remèz method according to the new target frequency response in transformed basis. Design examples suggest that the proposed algorithm converges fast and stably.
I. INTRODUCTION
Linear phase FIR filters with equiripple stopband and passband are important and have been investigated widely. The most important method of designing such filters is the Remèz exchange algorithm and its variants. Based on the alternation theorem, these filters are optimal in the Tchebycheff or minimax sense [7] . The Parks-McClellan algorithm makes use of the polynomial interpolation to calculate the frequency response [1] , [2] , [7] , [8] . In [4] Shpak and Antioniou give a generalization of the Remèz algorithm to eliminate the transition band anomalies. Although the Parks-McClellan algorithm is powerful to design a wide class of FIR filters such as lowpass filters, differentiators, or Hilbert transformers, it is hard to design digital filters with constraint by this algorithm. In [3] Vaidyanathan presents a method to design digital filters with flat passbands and equiripple stopbands. This method carries out the Remèz algorithm based on a special filter structure that guarantees flat passband. In fact, the requirement of flat passband could be written as a set of linear equations of the filter coefficients and solved by our proposed method. Linear constraint occurs to the other filters. For example, the FIR notch filter is equivalent to an allpass filter with null constraint at the notch frequency. In [5] Er presents a least squared design of the notch filter with controlled null bandwidth. The bandwidth can be controlled by a set of linear equations established by posing the flat constraint at the notch frequency. In [6] , Tseng and Pei design an equiripple FIR notch filter by a Remèz-like algorithm. Their proposed algorithm can be used for efficiently designing single-notch and multiple-notch filters. However, such filters can be designed with specifications of suitable target frequency response.
In this brief, we propose an algorithm to design linear phase FIR filters with constraint. The constraint is represented as a set of linear equations of the filter coefficients. The original constrained filter design problem is converted to a new problem without constraint. We carry out the Remèz exchange algorithm to solve the new problem. In Section II, we will formulate the filter design problem and put the four types of 
where fm(!)g is a set of appropriate trigonometric functions and M, determined by filter order N, is the number of independent coefficients in the filter. The value of M and the relationship among hn, am, and m(!) are summarized and presented in [6] . We may 
This matrix form will facilitate the derivation and discussion of our proposed algorithm.
The filter design problem is to find a set of impulse response fh n g such that the frequency response H(e j! ) is approximated to a given frequency response. That is, to find the coefficients a m in (2) such that the amplitude response A(!) is close to a given amplitude response D(!). If the performance of the filter has to be controlled precisely for obtaining good approximation within some frequency bands or at some frequency points, the coefficients a m may be restricted by linear constraint. The linear constraint could be expressed in matrix form and written as
where the K 2 M constraint matrix C represents K linear equations of unknowns a m . In the following section, a multiple change algorithm is used for solving the filter design problem.
III. FILTER DESIGN WITH CONSTRAINT
In this section, we will describe the proposed algorithm to solve the filter design problem with linear constraint on the filter coefficients. According to the former description, we propose a multiple exchange algorithm to design the equiripple linear-phase FIR filters as follows.
Step 1. Specify the filter order N , the type of filter, the desired frequency response D(!), and the weighting function W (!). Calculate M according to the filter type. Represent constraint by constraint matrix C.
Step 2.
Calculate x and D 0 (!). Calculate the null space B of C. Evaluate the new basis 8 0 (!).
Step 3.
Obtain a set of initial extremal frequencies. One choice is to select the frequencies evenly on the passbands and stopbands.
Repeat
Step 4.
Calculate the intermediate filter coefficients wj and peak error by solving (5). Until some criterion is satisfied. We use the relative difference between the maximal error and the minimal error to test termination of the algorithm. The difference is represented by Q = (maxjE(!)j 0 min jE(!)j)= max jE(!).
Steps 4 and 5 are repeated until Q < ". We choose " = 0:001 in this paper.
Step 6.
Calculate the coefficient vector a by a = Bw + x.
Finally, obtain the impulse response h n . Remark: It is well-known that the trigonometric basis n (!) is a set of Tchebycheff basis for a suitable interval [10] . However, the transformed basis 0 n (!) also forms Tchebycheff set. We provide a proof for this property in the Appendix.
IV. DESIGN EXAMPLES
In this section, different kinds of FIR filters are to be designed by proposed method. [0.45; ]. Constraint of flatness on frequency response is represented by the equations of
for k = 0; 1; . . . ; K 0 1 at a given frequency point !m where K is called the degrees of flatness. Filters designed with such constraint will obtain good approximation around !m. The results of K = 3 and ! m = 0 is shown in Fig. 1. Fig. 2 shows the result of K = 3 and ! m = 0:2. 
V. CONCLUSIONS
In this brief, we propose a method to design equiripple linear-phase FIR filters with linear constraint by carrying out the Remèz exchanges algorithm. A novel technique is derived to convert a linearly constrained problem to an equivalent unconstrained one. The key step is to modify the original desired frequency response such that the constraint of Ca = b is reduced to a null constraint of Cã = 0 for the new target frequency response. Then the filter constrained by such constraint can be designed without any constraint by a set of bases obtained by transforming the original basis by the null space of C. In the appendix, we show that this set of transformed bases forms a Tchebycheff set. This fact indicates that our design is optimal in Tchebycheff sense. Design examples suggest that the proposed algorithm converges quickly and stably. 
Because { n (!)} forms a Tchebycheff set, the rank of Q is equal to R. Hence both the ranks of P and of B are equal to R and accordingly P = B t Q is nonsingular.
